The energy of gravitating systems has been an issue since Einstein proposed general relativity: considered to be ill defined, having no proper local density. Energy-momentum is now regarded as quasi-local (associated with a closed 2-surface). We consider the pseudotensor and quasi-local proposals in the Lagrangian-Noether-Hamiltonian formulations. There are two ambiguities: (i) many expressions, (ii) each depends on some non-dynamical structure, e.g., a reference frame.
Here we present our recent discovery that sheds new light on gravitational energy, beginning with a brief review of some history.
Along with his famous field equations 1 G µν = κT µν , whereby the density of source energymomentum curves spacetime, Einstein also proposed [2] his gravitational energy-momentum density t µ ν , which is non-covariantly conserved:
t µ ν is coordinate reference frame dependent, a pseudotensor, not a proper tensor. Many objected, beginning with Lorentz, Levi-Civita, Felix Klein and Schrödinger. Einstein understood their concerns, but believed that his pseudotensor had physical meaning. Emmy
Noether's paper with her two famous theorems concerning symmetry in dynamical systems was written to clarify energy issues raised by Einstein, David Hilbert and Felix Klein [3] .
She conclusively showed that there is no proper conserved energy-momentum density for any dynamical geometry gravity theory.
From (1) one can infer the existence of a superpotential
In 1939 Freud found such a superpotential [4] :
Later other pseudotensors were proposed, notably by Landau-Lifshitz, Papapetrou, One can understand the significance of these expressions via the Hamiltonian approach.
For any region covered by a single coordinate system choose a constant component vector field Z ν . The total energy-momentum in the region, P ν (V ), follows from
The superpotential determines the boundary term 2-surface integrand. The volume integrand is the (vanishing!) Einstein field equation-the covariant expression for the ADM Hamiltonian density (see [1] Ch. 21). The value of the pseudotensor/Hamiltonian is thus quasi-local, determined just by the boundary term.
The modern concept is not a local energy-momentum density, but rather quasi-local energy-momentum: associated with a closed 2-surface. Pseudotensors always had this property, but this was not apparent before Freud. This property became appreciated after
Penrose [7] introduced the term. According to a comprehensive quasi-local review [8] , we "have no ultimate, generally accepted expression for the energy-momentum. . . "; proposed criteria for quasi-local energy-momentum expressions include: (i) vanish for Minkowski, (ii)
give the standard values at spatial infinity, (iii) non-negative energy.
The Hamiltonian variation gives information that tames the freedom in the boundary term choice: boundary conditions. The various pseudotensor values are those of the Hamiltonian having the associated boundary conditions [5] . Hence the first problem is under control: the pseudotensor values are the values of the associated Hamiltonians, which evolve the system with their respective boundary conditions. For Einstein's theory, from our covariant Hamiltonian formulation [9] we found a set of covariant-symplectic Hamiltonian boundary terms; our preferred choice corresponds to fixing the metric on the boundary: For a chosen Minkowski reference geometry on the boundary, the integral of (10) (with Z ν as the appropriate reference Killing vector field) defines the associated quasi-local energymomentum (and angular momentum). Like many other boundary term choices, for asymptotically flat spaces at spatial infinity our expressions are asymptotic to the standard total energy-momentum and angular momentum expressions.
To fix the Minkowski reference, we proposed (i) 4D isometric matching on the boundary 2-surface S, and (ii) energy optimization as criteria for the "best matched" reference [12] .
In a neighborhood of the 2D boundary S, any 4 smooth independent functions y i define a Minkowski reference: [8, 14, 15] .
To fix the two embedding control variables, one can use the boundary term value. We argued that the critical points are distinguished [12] , but we do not have an explicit formula for them.
From another perspective, Wang & Yau [16] used an expression in terms of surface geometric quantities within the Hamilton-Jacobi approach. They analytically found the optimal reference and thereby determined their quasi-local mass; moreover, they were able to show that it is non-negative and, furthermore, vanishes for Minkowski. An outstanding achievement.
Recently it was found that (10) with a 4D isometric Minkowski reference is closely related to the Wang-Yau expression, with a saddle critical value of the associated energy agreeing with the Wang-Yau mass [17] . This is an important link, since all the linearly-like-Freud expressions with a 4D isometric Minkowski reference have the same energy value as (10).
Hence, (via [16, 17] ) there is for all the Freud-linear expressions a non-negative quasi-local energy-which vanishes for Minkowski.
This quasi-local energy could have been found in 1939. It was found in 2009 by Wang & Yau [16] . We came to this value a few years later [12] . Einstein with his pseudotensor was close (as were many others), merely lacking a good way to choose the coordinate reference frame on the boundary. Much effort went into finding the "best" expression. Our group investigated the roles of the Hamiltonian boundary term, which led to (10). Then we turned to finding a good reference. But just taking (almost) any proposed expression and looking for the "best" reference could have led anyone directly to this energy.
Gravitational energy was considered to be ill defined: (i) no unique expression, (ii) reference frame dependent expressions with no unique reference frame. But we find that: (a) one can generally have a 4D isometric Minkowski reference, (b) with such a reference all of the quasi-local expressions in a large class give the same energy-momentum (and angular momentum), (c) moreover, one can find a "best matched" Minkowski reference; the associated energy has the desired properties. 
